Ab initio perturbed ion calculations were performed for the cubic, orthorhombic, hexagonal, and monoclinic phases of PbF 2 . A complete characterization of these phases was achieved in terms of the potential energy surfaces, the equations of state, and the phase-transition pressures. Thermal effects were included via a quasiharmonic nonempirical Debye model. The internal parameters of the unit cell of each phase were reoptimized at each volume to generate the energy surface. The calculated results are in good agreement with the experimental data available for the cubic and orthorhombic phases. The results predict the hexagonal phase to be the high-pressure post-cotunnite structure for PbF 2 , since the monoclinic phase is seen to collapse into the hexagonal phase during the optimization at high pressures.
I. INTRODUCTION
Lead fluoride in its cubic, native form, is a technologically important scintillating material, 1, 2 and is also known to exhibit superionic conductivity. 3 Upon increasing pressure, it goes through an irreversible transition to an orthorhombic phase in which it loses these properties. 1, 4 This phase is metastable at ambient conditions, and has been well characterized experimentally. 5 However, at higher pressures, the metastable phase transforms to a phase which is yet to be characterized fully. 6, 7 The low-pressure PbF 2 polymorphs are known as ␣-PbF 2 and ␤-PbF 2 . The ␤ structure is the most stable in ambient conditions, and is a cubic, fluorite-type ͑C1͒ crystal. On the other hand, the orthorhombic ␣ polymorph is stable at higher pressure and low temperature, with ␣-PbCl 2 -like ͑cotunnite, C23͒ structure. PbF 2 undergoes a phase transition at about 0.4 GPa from C1 to C23, and reverses back to C1 at higher temperatures. The C23 phase is metastable at zero pressure for TϽ610 K. 8 Recently, there has been some experimental evidence of a new phase of PbF 2 . Podsiadlo and Matuszewski 6 have reported a phase of hexagonal symmetry, tentatively assigned as P6, with lattice parameters of a ϭ10.2746 (6) and cϭ7.970(5) Å . On the other hand, Lorenzana et al. 7 have conducted Raman experiments showing a transition from the C23 phase at around 15 GPa. The observed Raman peaks of the high-pressure structure of PbF 2 cannot be explained by assuming hexagonal symmetry. These peaks, however, can also not be assigned to a monoclinic phase unambiguously. These authors have also done first-principles calculations where they find a hexagonal phase, Ni 2 In-like (B8 b ), to be more stable than the C23 phase at 16.4 GPa. Despite this fact, they use their Raman measurements in favor of a monoclinic structure, although, due to limited computational resources, they have not done any calculation in the monoclinic phase.
It is known that divalent metal halides such as BaF 2 , BaCl 2 , PbCl 2 , and SnCl 2 occur in the cotunnite structure, either at ambient conditions or at moderately high pressures.
They also undergo a phase transition from the C23 phase to a high-coordinated phase. In the case of lead and tin chlorides ͑and presumably in BaCl 2 ), Léger et al. have characterized the post-cotunnite phase within the P2 1 /c ͑mono-clinic͒ symmetry, 9,10 with coordination of 10. The same authors have also characterized the high-pressure phase of BaF 2 to be that of Ni 2 In, 11 with coordination of 11, the highest found in ionic materials.
In this paper, we will consider all the different phases, either those experimentally detected or those proposed by analogy with other compounds, with an aim to fully characterize ambient and high-pressure phases of lead fluoride. We will use the ab initio perturbed ion (aiPI) method [12] [13] [14] which has been proven to be successful in studying the phase transition in ionic and semiionic materials. We will compute the equation of state for each phase of PbF 2 , as well as the transition pressures between them, comparing, when possible, with experimental data.
II. COMPUTATIONAL DETAILS
The aiPI method is a quantum-mechanical method that solves the Hartree-Fock ͑HF͒ equations of a solid in a localized Fock space by partitioning the crystal wave function into local, weakly overlapping group functions, each containing a number of electrons but a single nucleus. The method brings together ideas from the theory of electronic separability of McWeeny and Huzinaga, and from the theory of localizing potentials of Adams and Gilbert, to produce a well founded and very efficient treatment for ionic materials ͑see Ref. 15 and references therein͒. The aiPI method has been successfully applied to the description of a variety of electronic, energetic, and structural properties of ionic crystals, including halides, oxides, and sulfides. 16, 17 The aiPI calculations in the present work have been done using the Koga et al. Slater-type ͑STO͒ all-electron basis sets, the negative F basis set for the fluoride ion, 18 and the neutral Pb basis set 19 for the lead ion, after removal of the outermost p exponent and reoptimization of the remaining valence exponents. The In order to generate thermodynamic data at finite temperatures and pressures, we have used a quasiharmonic Debyelike model in which the Debye temperature ⌰ depends only on volume through the static bulk modulus as ⌰ ϭCV
, where C is a constant which depends on the molecular mass and Poisson ratio. 21 This approach allows us to write all thermodynamic quantities in terms of the E(V) curve, so that we only need to optimize the energy with respect to all internal variables for each volume. Using the E(V) curve and its derivatives, we obtain the equation of state of a given phase by minimizing the nonequilibrium Gibbs energy for each P and T with respect to the volume, G*(T, P;V)ϭE(V)ϩ PVϩF vib "T,⌰(V)…, F vib being the Helmholtz vibrational energy within the Debye model. Other thermodynamic properties can be computed by substituting the equilibrium volume for each P and T. In order to obtain thermodynamic properties at the phase transition, we impose the equilibrium condition of an equal Gibbs function for the two phases considered, and so we construct the P(T) equilibrium line of the phase diagram.
III. RESULTS AND DISCUSSION
The ␤-PbF 2 phase has only one free parameter, namely the length of the cell a, since all ions are occupying fixed special positions. Thus, each point in the E(V) curve requires a single calculation with no optimization of internal parameters. On the other hand, the ␣-PbF 2 phase has nine free parameters. The structure belongs to the orthorhombic crystallographic system ͑space group Pnma) with a b c variables. Also, the three ions ͑Pb and two different F ions͒ are in the 4c Wyckoff position (C s symmetry͒, with free internal x and z coordinates. The optimized parameters of this orthorhombic C23 phase were obtained by a downhill simplex method 22 and are presented in Fig. 1 . All of them vary smoothly with decreasing volumes, but show an abrupt change at about 255 bohr 3 /molecule. For smaller volumes, the internal parameters and b/c adopt constant values as shown in Fig. 1 . This has suggested that there must be a higher symmetry polymorph which becomes relatively more stable than the C23 phase.
We have identified the high-symmetry polymorph as the hexagonal B8 b phase, with space group P6 3 /mmc. The Pb ϩ2 ion goes to position 2d (D 3h ), while the F Ϫ ions go to 2a (D 3d ) and 2c (D 3h ), with a unit cell that is half the size of the orthorhombic one. This hexagonal phase has only two free parameters, aЈ and cЈ, and its E(V) curve therefore requires only a monodimensional optimization of aЈ/cЈ. It is important to stress the fact that this phase lies within the 9-parameter space of the C23 phase, with the internal coordinates and b/c fixed to the values shown in Fig. 1 . The a axis of the C23 phase corresponds to the inequivalent hexagonal axis cЈ. Using the cϭͱ3b relationship in the C23 phase, we obtain the two equivalent hexagonal axes aЈϭb and bЈϭ(cϪb)/2. While this particular geometry is the most stable one for VϽ255 bohr 3 /molecule, it is not so for larger volumes. However, its higher symmetry allows us to calculate its energy curve for the whole volume range as a function of two parameters (aЈ and cЈ) only, thereby enabling a complete characterization of the hexagonal phase (r B8 b curve in Fig. 1͒ .
We have also conducted the full optimization of the P2 1 /c monoclinic phase, which has 22 free parameters ͑i.e., positions of the six inequivalent ions, three cell edges, and ␤ angle͒. Note that the unit cell is doubled with respect to that of the C23 phase. Calculations were performed for volumes ranging from 230 to 280 bohr 3 /molecule. We have used two different sets of starting configurations. The C23 phase ͑and thus also the B8 b phase͒ can be described within the monoclinic structure using ␤ϭ90°and (a,c,2b) as lattice parameters, each ion giving rise to an (x,z,y/2),"x,z,(1ϩy)/2… pair. Thus, we have started optimizations at monoclinic points corresponding to the minima of the C23 or B8 b phases ͑depending on the volume͒. We have also used the experimental parameters for the monoclinic phase of the related PbCl 2 structure 9 as the starting point of a different set of optimizations. All of these 22 parameter optimizations converged to the corresponding C23 or B8 b geometries, indicating that, at least in the neighborhood of these positions, there is no minimum of monoclinic symmetry. In order to obtain an approximate equation of state of the hypothetical monoclinic phase, we have therefore fixed the positions of the ions to the PbCl 2 values, optimizing only the three lattice parameters and ␤ angle. These are the results which we will present for the monoclinic phase. Figure 2 shows the potential energy versus volume curves for the four phases of PbF 2 studied here. The lowest minimum is the one corresponding to the C1 cubic phase ͑empty squares͒, being the most stable structure in static ͑and also in ambient͒ conditions. The orthorhombic C23 phase ͑full circles͒ is very close in energy, having its minimum at a lower volume. On a further decrease of the volume, the C23 phase converges to the high-symmetry B8 b hexagonal phase ͑open circles͒. The B8 b phase has its minimum at an even lower volume than the C23 phase minimum, in a volume in which C23 is the most stable phase. Finally, the monoclinic phase with internal parameters fixed to their PbCl 2 values ͑stars͒ is predicted to be considerably higher in energy (Ӎ3 eV) than any other phase in this work.
In order to estimate the errors due to the lack of dipolar deformations in the aiPI wave function, we have computed a posteriori an empirical polarization energy correction using fixed polarizabilities of 1.49 and 2.43 Å 3 for the F Ϫ and Pb ϩ2 ions. 23 Given the high symmetry of the C1 and B8 b phases, this correction only affects the C23 phase and the fixed-parameters monoclinic phase curves. The computed values of this correction are around Ϫ0.003 hartree for the C23 phase. Thus, it is expected that a rigorous calculation of the multipolar contributions to the energy curve will not affect significantly our results for this phase. If any, its effects are likely to lower the C1 C23 transition pressure slightly and increase the C23 B8 b one. Although the polarization correction is larger (ӍϪ0.03 hartree͒ for the fixedparameters monoclinic phase, it is still insufficient to overcome the difference of 0.1 hartree with the cubic, orthorhombic, and hexagonal phases ͑Fig. 2͒.
The cell parameters of the zero-pressure static minima of the four phases are given in Table I , which also includes the available experimental data for the C1 and C23 phases. The calculated results show a very good agreement with the experimental data. Furthermore, the static bulk moduli calculated from the equation of state are 56.02, 57.87, 53.78, and 39.43 GPa for the C1, C23, B8 b , and monoclinic phases, respectively. These values compare well with the B 0 computed from elastic measurements in the C1 phase, 60.5, 55.9, and 60. C23, B8 b , and monoclinic, respectively, showing that, upon increasing pressure, the transition sequence is expected to be C1→C23→B8 b . This also correlates with the respective coordinations of Pb ϩ2 of 8-fold, 9-fold ͑1ϩ2ϩ1 F 1 and 1ϩ2ϩ2 F 2 ), and 11-fold ͑3 F 1 , 6 F 2 , and 2 F 1 ) for the cubic, orthorhombic, and hexagonal phases. The data for the monoclinic phase with PbCl 2 internal parameters fall out of the range of the structural parameters of the other phases: it has an unrealistically low bulk modulus and high B 0 Ј , computed at a higher V 0 relative to the other phases. Most probably, this is due to the restriction imposed on the internal parameters of this monoclinic structure during the optimization. Table II contains the static transition data for PbF 2 . The C1 phase is the most stable one at ambient pressure, and it changes to the C23 phase at 1.98 GPa. This is in reasonable agreement with the experiment ͑around 0.4 GPa at ambient temperature for the direct transition 4 ͒, given the uncertainty in the calculations and the existence of hysteresis. We also predict the transition from the C23 to the B8 b phase to occur at 20.2 GPa. It may be compared with the 14.7 GPa obtained from Raman spectra. 7 The inclusion of thermal effects ͑both zero-point and finite-temperature͒ gives 300 K transition properties almost equal to the static ones ͑see Table II͒. The P-T phase equilibrium curves are depicted in Fig. 3 . We also include in the phase diagram the hypothetical C1 B8 b equilibrium curve, which falls completely within the C23 phase stability range. All the equilibrium lines are almost constant with tempera- Given that all transitions proceed with decreasing volume, the entropy change is positive and small in going from the cubic to the orthorhombic phase, and is large and negative in going from the orthorhombic to the hexagonal phase. The calculated ⌬S tr values should be taken with caution, given the simple Debye model used here and the importance of Frenkel defects in the Clapeyron slope.
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IV. SUMMARY
The results of aiPI calculations in PbF 2 support the existence of a post-cotunnite phase of hexagonal symmetry, with Ni 2 In (B8 b ) structure. The other high-pressure candidate phase, the monoclinic post-cotunnite structure found in PbCl 2 , is found to converge to the C23 and B8 b structures when optimized. Additionally, the optimization of the monoclinic phase using the PbCl 2 internal parameters yields a high potential-energy surface. A full characterization of the equilibrium structures and equations of state of the phases involved is given here. It is expected to aid in the experimental determination of the post-cotunnite structure of PbF 2 .
